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1.  Introduction 


In  a  classic  paper  M0n  the  Abstract  Properties  of  Linear  Dependence” 
of  1935,  Whitney  provided  a  set  of  axioms  for  a  structure  commonly  called 
a  matroid.  Matroid  theory  (see  [Tutte,  1971],  [Lawler,  1976])  has 
applications  to  a  wide  class  of  combinatorial  optimization  problems: 
where  we  wish  to  construct  a  maximal  object  (a  maximum  independent  set) 
satisfying  a  monotone  property.  Intersections  of  matroids,  are  called 
independence  systems  (see  [Korte,  Hausmann,  1978])  and  have  also  wide 
practical  applications.  The  problem  of  constructing  a  maximum  indepen¬ 
dent  set  in  an  independence  system  is  NP-complete  for  independence 
systems  which  are  intersections  of  three  or  more  matroids. 

We  introduce  in  this  work  (Section  2)  the  random  independence 
system  (RIS) ,  which  is  applicable  to  a  more  general  class  with  combina¬ 
torial  optimization  problems  with  random  inputs.  We  define  some  natural 
notions,  such  as  "maximal  with  a  given  probability." 

Section  3  sketches  a  general  nonconstructive  proof  technique  fox- 
determining  the  existence  (with  probability  1)  of  an  independent  set  of 
given  cardinality  in  instances  of  an  RIS.  This  encompasses  various  non¬ 
constructive  proofs  of  graph  properties  in  [Erdos  and  Spencer,  1947] 
and  uses  the  second  moment  method.*  In  Section  4  we  define  a  weighted 

*ln  contrast,  a  companion  paper  [Reif,  Spirakis,  1981],  discussed  the 
construction  of  random  independent  sets  by  use  of  an  extension-rotation 
algorithm. 
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RIS .  We  alto  provide  a  nonconstructive  proof  technique  for  determining 
the  existence  of  an  independent  set  of  given  weight  in  a  weighted  RXS  and 
a  result  on  the  relation  of  the  existence  of  maximum  independent  sets  in 
a  RXS  to  the  values  of  the  weights  of  maximum  independent  sets  in  a 
weighted  RXS.  Section  6  discussed  intersections  of  RXS  and  the 
relationship  of  RXS  to  matroids. 


2.  Definitions  of  Random  Independence  Systems  and  Their  Structure 


Let  E  be  a  set  and  let  g  be  a  family  of  subsets  of  E.  For 
each  element  e  £  E,  let  the  element's  probability  be  a  real  number  p# 

defined  on  the  interval  (0,13.  The  triple  M«  (E, Jf,\p  })  is  a  random 

© 

independence  system  (RIS).  If  for  some  fixed  p,  p  «p  for  all  elements 

© 

e€E,  then  M  is  unifom  and  denoted  (E,^,p).  We  will  frequently 
write  (E,  Jf, 1)  as  (E,^f).  M  is  a  proper  RIS  if 


(ad 

(A2)  A€JT  A  A*  CA  -  A'  £  $  . 

Intuitively,  £  may  be  considered  a  property  on  subsets  of  E  which  is 
trivially  satisfied  (by  axiom  Al)  and  monotone  decreasing  (by  axiom  A2) . 
A  pair  (E,^T)  satisfying  Al  and  A2  is  called  a  (deterministic)  inde¬ 
pendence  system  (see  [Korte,  Hausmann,  78]).  Let  A3  be  the  axiom:  for 
any  sets  A, A'  of  cardinality  h,  h+1  respectively,  3e£A'-A 

such  that  AUieJC^.  If  (Ef<i/)  satisfies  the  axioms  Al,  A2  and  the 
additional  axiom  A3,  then  it  is  commonly  called  a  matroid  (see  [Whitney, 
1935]).  (Note  that  an  alternative  axiom  to  A3  is  "for  any  subset  Sce, 
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•11  maximal  independent  subsets  of  S  have  the  same  cardinality") . 

2.2  Instances  of  Random  Independence  Systems 

An  instance  of  a  random  independence  system  M ■  (E,^f,{p#})  is  a 
pair  M0-  <E0,/0)  where 

(i)  Eqce  is  derived  by  independently  choosing  each  e€E 
with  probability  p( 
ui)  /0-{i£//ice0}. 

Note  that  the  probability  of  Mq  is 

(  n  P  \  /  n  (i-p j\ 

\*Eo  *)  \.eE-E0  °) 

Clearly,  any  instance  MQ  of  a  proper  RIS  satisfies  axioms  A1  and  A2 
and  thus  it  is  a  (deterministic)  independence  system. 

A  set  Ac Eq  is  independent  in  MQ  if  A€^0  and  dependant 
otherwise.  An  independent  set  1  €/0  is  maximum  in  MQ.  if  there  does 
not  exist  any  I*  such  that  J I  * |  >  jlj.  Let  the  rank  of  MQ  be 

the  cardinality  of  maximum  independent  set.  I€/o  is  maximal  in  mq 

if  there  does  not  exist  any  I'  such  that  I' 31.  A  minimal 

dependent  set  of  MQ  (a  circuit)  has  no  proper  subset  which  is  dependent 
in  Mq.  For  any  Ace^  let  tne  rank  of  A  in  Mq  be  the  maximum 
cardinality  of  any  independent  subset  of  A. 


2.3  Examples  of  RIS 


As  an  example  of  a  RIS,  let  Q  be  a  property  on  graphs  and  let 

G  be  a  random  undirected  graph.  G  has  instances  which  are  graphs 
n,p  *  y  n,p 

with  vertices  V  «  {l,2, . . . ,n}  and  each  edge  chosen  independently  with 
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probability  p  from  unordared  pair*  of  distinct  varticas  in  V.  Lat 
M •  (E,  ^f,p)  ba  tha  uniform  RZS  with  E«  {{u,v)/distinct  u,v€v)  and 
/-{e’ce/Q(V,e’>  hold*}.  Than  any  instance  (EQ,^f0)  M 
corraaponda  to  an  inatanca  (V,EQ)  of  tha  random  graph  Gr  and 
contains  pracisaly  those  adga  sats  Z«EQ  such  that  tha  proparty  Q 
holds  for  tha  subgraph  (V,Z).  Tha  graph  proparty  Q  is  trivially 
aatiafiad  (q  holds  for  tha  graph  with  no  adgas)  and  daor+asing  mono¬ 
ton a  (i.*.,  Q(G)**Q(G')  for  all  subgraphs  G*  of  G)  iff  M  is  a 
proper  RZS. 

(a)  Given  a  graph  G  ■  (V,E)  a  simple  path  is  a  path  of  adgas  in 
E  containing  no  cycles,  and  it  is  a  Hamiltonian  path  if  it  contains 
every  vertex  of  V,  Tha  property  of  a  "simple  path"  in  a  random  graph 
does  not  yield  a  proper  RZS,  since  a  simple  path  must  be  connected 
(violating  axiom  A2) ,  However,  we  can  define  a  proper  RIS  such  that 
any  independent  set  of  cardinality  | V | —  1  is  a  Hamiltonian  path.  We 
give  both  formulations  here: 

Formulation  as  a  non-proper  RIS:  Let  M«  (E,^T,p)  be  the  RIS 
where  £  is  the  set  of  all  simple  paths  in  the  complete  graph  (V,E) . 

Fix  an  instance  MQ •  (Eg,^)  of  M.  Then  (V,EQ)  has  the  same 
probability  in  random  graph  Gfi  as  in  M  and  /o  is  the  set  of  all 

single  paths  in  (V,EQ) . 

Formulation  as  a  proper  RIS:  Let  M»  (E,^T,p)  be  the  RIS  with  E 
as  above  and  {ice/(V,D  consists  of  a  set  of  disjoint  sample  paths). 

Clearly  M  satisfies  axioms  Ai,  A2.  Fix  an  instance  MQ  *  (E^/^) 

of  M.  Then  (V,E_)  has  the  same  probability  in  G  as  in  M  and 

0  n,p 


Jf  hu  as  alaments  all  different  act  of  dis joint  eimple  paths  In  EQ. 

In  both  formulations ,  if  MQ  haa  an  independent  act  I  €jTQ  aueh 
that  } 1 1  *  |v|  -  1  than  (V,X)  la  a  Hamiltonian  line  in  (V,E). 

(b)  An  edge  matohing  of  a  graph  ia  a  aat  of  vertex  dia joint 

edgea  and  ia  perfect  if  every  vertex  appeara  in  some  edge  of  the  matching. 
To  formulate  the  '-perfect  matching"  problem  as  an  Ris,  we  aaaume  a 
complete  graph  G»  (V,E)  with  2n  vertices,  Let  M«  (E ,^T,p)  where 
Jf«{lCE/I  is  a  matching}.  Let  MQ «  be  an  instance  of  M. 

Then  MQ  has  a  perfect  matching  if  there  is  an  X  such  that 

| X |  »n.  The  property  of  "matching"  in  a  random  graph  G2n  yields  a 

proper  RIS ,  since  if  I  is  a  matching ,  then  every  I ' c  x  is  a  matching . 
A  subgraph  G'  •  (V',E')  of  a  graph  G»  (V,E)  is  called  a  clique  if 
E' *  {{u,v}/u,v  distinct  vertices  of  V'}.  The  clique  property  in 
random  graphs  G  gives  a  proper  RIS  M»  (V,  JT,p)  where  {icv/I 

n  ip  ^ 

is  the  vertex  set  of  a  clique  in  G«(V,E)}. 

(c)  An  x-coloration  of  a  graph  G  is  a  map  h*G-*-  {1,2, . .  ,,r} 
such  that  for  all  edges  e«{u,v}  of  G,  h(u)j<h(v).  The  minimal  r 
for  which  such  an  r-coloration  exists  is  called  the  chormatic  number  of 
G  and  denoted  by  X(G). 

The  x-coloration  property  in  random  graphs  G  gives  a  proper 

n*p 

RIS  where 

*  { I c E/the  subgraph  of  G  induced  by  I  is  r-colorable) . 

(d)  A  complete  k -partite  subgraph  of  the  graph  G*  (V,  E)  is 

defined  by  a  collection  }  of  pairwise  disjoint  subsets  of  V 

such  that  {u,v} €  E  for  u€v  .  v€v  iff  g^h.  The  complete  k- 

g  h 

partite  subgraphs  of  instances  of  G  correspond  to  the  independent 

J1  #  p 
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■•ta  of  instances  of  tha  following  RISi  M«  (E,JT,p)  where  l  €  $  if 
that*  exists  a  partition  p(X)  ■  of  I  (that  is  Vh»  i 

and  V^«0  for  l<g<h<k)  that  dsfinss  a  complete  k-partita 
graph  on  X.  This  «15  is  proper  too. 

(a)  Let  V^»  {l,.,.,n}#  Vj«  {n+l,...,2n}  be  disjoint  vertex  sets 

of  equal  cardinality  and  let  E»  {{u#v}/u€  V^vC  Vj).  A  bipartite  growth 

1  ■  (V^UV^Eq)  has  vertex  set  and  edge  set  EQeE.  *  is 

oomplete  if  E  «E.  A  random  bipartita  graph  B  has  instances  which 
o  n,p 

ere  bipartite  graphs  (V^ U  V2,EQ)  where  each  edge  of  EQ  is  chosen  from 
E  with  probability  p. 

An  (adga)  matohing  of  bipartite  graph  (V^Uv^Eq)  is  a  set  of 
vertex  disjoint  edges  I  c  eq  and  is  perfect  if  every  vertex  of  U 
appears  in  some  edge  of  X.  The  bipartite  perfect  matching  problem  is 
formulated  as  a  proper  RIS  by  assuming  a  complete  bipartite  graph 
B«  (V^UV^E).  Let  M»(E,^Tfp)  where  /  ■  {ice/I  is  a  (bipartite) 
matching}.  Let  MQ  be  an  instance  of  M.  MQ  has  a  perfect  matching 
if  there  is  an  l€^  such  that  jlj»n. 

(f)  Let  S  be  a  finite  set,  ls|*n,  and  let  E  ■  {S, , . . .  ,S  }  be 

l  m 

a  family  of  subsets  of  S.  A  subfamily  let  is  a  packing  in  S  if 
the  sets  in  1  are  pairwise  disjoint.  Let  M*  (E,^T,p)  be  the  propel % 
uniform  RIS  whose  =  {l/l  is  a  packing}.  An  instance  of  M  corres¬ 
pond  to  an  instance  of  a  random  hypergraph  having  vertex  set  S  and 

obtained  by  selecting  each  of  S,,...,S  with  eoual  probability  p 

i  m 

(independently).  Maximal  packings  in  the  instances,  covering  all 
"vertices"  of  S  correspond  to  independent  sets  IE<?0  such  that  the 
union  of  the  elements  of  I  gives  S. 
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(9)  Suppose  that  there  are  n  courses  possible  to  be  taken  by  a 

student,  and  they  have  to  be  done  one  at  a  time,  starting  at  time  0. 

Each  course  i€{l,,..,n}  has  a  fixed  uninterrupted  duration  time  ti 

and  deadline  di.  Let  a  random  course  assignment  a  be  the  random 

n,p 

variable  whose  instances  are  subsets  EQ  of  {l,...,n}  created  by 
choosing  each  i  with  equal  probability  p,  independently.  Let  ic 
be  a  proper  assignment  if  all  courses  in  I  can  be  completed  by  their 
deadlines.  The  property  of  proper  assignment  gives  a  pi'oper  uniform  rxs 
(E,^f»p)  with  Jf-  {l/ic  {l, ...  ,n}  and  I  is  proper  assignment}. 

(h)  Consider  a  set  V  »  {x.  .X^, . . .  .X^)^}  of  literals.  Let  us 
choose  each  of  the  elements  of  E*VxvxV  independently  with  probability 
p.  The  subset  obtained  can  be  viewed  as  a  Boolean  expression  in 
3-conjunctive  normal  form.  The  random  variable  whose  instances  are 
described  by  the  above  experiment,  is  called  a  random  Boolean  Expression , 
BOOLjj  p.  A  subset  I  of  an  instance  of  a  random  boolean  expression  is 
called  satis f table  if  there  is  an  assignment  of  exactly  one  of  the  values 
{true,  false}  to  each  of  the  literals  appearing  in  I  (such  that  if 
both  X^ ,  Xj  appear  then  value  (X^)  ■  -lvalue  (X^) )  and  such  that  the 
evaluation  of  I  gives  true  as  an  answer.  The  proper  unifom  RIS 
M*  (E,  ,p)  where  /  *  {ice/I  satisfiable}  has  instances  corresponding 

(having  the  same  probability)  with  the  instances  of  BOOL  .  An 

N,p 

instance  of  BOOL^  is  satisfiable  iff  the  corresponding 
M  has  an  independent  set  of  cardinality  |eq|. 


prawiipyipi 


2.4  Maximallty  in  Random  Independence  Systems 


The  definitions  of  maximum,,,  maximal  and  minimal  are  all  standard 
for  monotone  properties  of  deterministic  combinatorial  structures.  We 
extend  these  notions  to  independence  in  RIS  which  is  a  random  property. 

Let  M*  (E,^T,{pe}>  be  an  RIS  and  let  A<E^f.  Let  A  be  maximum 
with  probability  tn  in  m  if 


:  yHW 

•  M 


!  •••3 

■  -  i  ;.itS 

t  |-J 

■*  iJ 


m  =  Prob{A  is  maximum  in  the  same  instance/ 

A  appears  in  an  instance}. 

(All  probabilities  are  defined  over  the  possible  instances  of  M.) 

Let  A  be  maximal  with  probability  m  in  M  if 

m  *  Prob{A  maximal  in  the  same  instance/ 

A  appears  in  an  instance}. 

Similarly,  let  a  set  a€2E-^T  be  minimal  (a  circuit)  with  probability 
m  in  M  if 


m  =  Prob{A  is  a  minimal  dependent  set  of  the  same  instance/ 
A  appears  in  an  instance}. 


Let  rank  (tl)  be  the  random  variable  giving  the  rank  or  instances  of  M. 

For  all  m€  10,1],  let  6  (m)  be  the  minimal  m*  €  10,1]  such  that 

M 

VAC^:  A  maximal  with  probability  m  in  M  implies  A  is  maximum 
with  probability  ^m'  in  M.  (It  is  obvious  that  m^m'  and  that 
<$w(m)  is  increasing  with  p.) 

T->e  fur  ction  5,,  (m)  gives  us  a  measure  with  which  simple  greedy- 
like  algorithms  succeed  in  constructing  maximum  sets.  A  similar  function 


pipits® 


,  i  ■  t- -•  ."A  -  - , %' 


may  be  defined  for  the  measure  of  success  of  rotation-extension 
algorithms.  (See  (Reif,  Spirakis,  1981)).  Note  that  for  matroids 
$M<m)  =  m. 


3.  A  General  Nonconstructive  Existence  Theorem 


Let  M=  (Ef^?,p(&))  be  a  uniform  RIS  where  Si  -  |e[.  Let 
tf. -  {i  ejT/ 1 1  i  =  h}  for  h>l.  Let  the  interdependence  ratio  for  M  be 


the  mean  of 


Prob{l  independent/I1  independent) 


Probil  independent] 


for  1,1’  €^h . 

For  a  fixed  h>0,  we  are  interested  :n  a  minimum  p(Ji)  (the 
critical  p)  such  that  as  Si  ■*■<*> 


Prob{rank(M)  >  h)  -*•  1 


or  equivalently 


Prob{3  independent  set  of  size  h  in  any  instance  of  m)  ■*  1 

as  Si -*■<*>  . 


The  following  is  a  generalization  of  a  nonconstructive  proof  technique 
due  to  Erdos  and  Renyi . 


THEOREM  3.1.  If  for  i, -*  »,  ir  =l  +  o(l)  then  the  critical  p  is 
lower  bounded  by 


for  [f  \  >  0 
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Proof  .  Lot  1  range  over  the  members  of  and  let  Xj  be 

the  random  variable  being  1  if  I  is  independent  in  an  instance  Mq 
and  0  else,  for  each  instance  of  M.  Let  y*Zx^,  I  ranges 

over  </h. 

It  is  clear  that  Y>0  *  rank(M)  >  h. 

From  the  Chebyshev  inequality 
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Hence 


Prob(Y-O)  < 


mean  (YjdR^-l) 
2 

mean  (Y) 


or 

Prob(Y»0)  *  o(l)  as  l  +  a>  . 

Since  we  also  want  mean(Y)  >1  we  get  p>  |^|  */^1.  < 

In  practice,  the  bound  p>  |^J  may  not  be  sufficient  to 

guarantee  IR^=l  +  o(l)  as  A-*-00.  To  compute  IR^,  we  introduce  a  new 
random  variable  u=  |l  Oj|  for  randomly  chosen  .  Then 


IR^  =  mean(ph  u/ph)  *  mean(p  U) 
h  . 

«  ^  p  *Prob{u=k) 

k=*G 

Thus  we  must  choose  p  to  satisfy  also 


**  * 

y.  p  *Prob{u=k}  =  l  +  o(l)  as  . 

k=0 


In  fact,  we  want  the  probability  of  large  intersections  to  be  small. 
This  is  formalized  in  the  following  theorem: 


THEOREM  3.2.  If 

Prob{u  =  k)  <  p2k  (1-p)  (l+o  (1) ) 


then 


IRh  =  1  +  0(1) 


and  thus  the  critical  p  found  in  the  previous  theorem  suffices. 
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R 

fcJ 


Proof.  Since  u  is  an  integer  then  p~U >  1  end  hence 


1Rh 


>  1  . 


(a) 


Also 


h 

XR  ■  ^  p~K  Prob{u«k> 

n  k»0 

<  £  P*Vk(l-p)  (l+o(l)) 

k«0 

h+1 

<  (1-p) (l+o(l))  •  — f---  <  1  +  o(l) 

l-p 


(b) 


By  (a)  and  (b) ,  IR^  ■  l  +  o(l).  0 

Let  us  consider  RIS  M«  (E,  ^,p  (£■) )  for  various  properties  of 

random  graphs,  of  the  model  G  ’-*ith  n  vertices  V  and  l  *  ”■■!?  1-- 

n,p  * 

possible  edges  E * { {u,v} | u,v € v} ,  each  chosen  with  probability  p.  For 
clique  of  c  vertices  and  h  *  — edges,  \$.\  ■  (”)  and  the 
critical  p  is  1/2  for  h=2  1ogn,  derived  directly  from  Theorem  3.1. 
For  perfect  matchings  of  h  edges,  I^J  =  0  ^h^*11  and  t*le  critical 
p  is  0  (—3  .-)  for  h  ■  n/2  (n  even) .  It  is  again  derived  directly 
from  Theorem  3.1. 

For  a  Hamiltonian  path  of  h  edges  *  hi  (j^)  and  the 

critical  p  is  9  (—  ^ — )  for  n  =  n-l.  It  whs  derived  by  Posa  [1976] 
by  a  constructive  technique  (generalized  in  [Reif,  Spirakis,  1981]). 
Theorem  3.1  does  not  seem  applicable  in  this  case.  On  the  other  hand, 
there  is  no  known  efficient  (polynomial  time)  algorithm  for  constructing 
cliques  of  size  2  log  n  with  probability-*  !  when  the  edge  density  is 
the  critical  p  =  l/2. 


4 

1 


;  3 


H 

J 

.  :i 


a 
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For  maximal  packings  in  ease  of  |sj  «  |s2|  -  •••  «  |sm|  -  3  we  get 

u'j  -  (s)(B;h)("'hh)  <hi»3 

-3/2 

and  the  critical  p  is  n  *a(n)  for  h*n/3  and  ct(n)+»  as 
n  +  *.  (The  same  p  gives  perfect  matchings  in  3-regular  hypergraphs.) 


Weighted  RIS 


We  now  extend  our  definition  of  RIS  so  that  the  elements  are  inde¬ 
pendently,  randomly  weighted  over  given  probability  distributions.  We 
wish  upper  and  lower  bounds  on  the  weight  of  the  maximum  independent  set. 
Lueker  [1978]  considers  this  problem  for  graphs  with  a  normal  distribution 
of  edge  weights  and  we  show  hio  results  extend  to  weighted  RIS  with 
arbitrary  uniform  distributions. 

A  weighted  HIS  M  is  a  triple  (E,^T,{we))  where  E  is  a  set  of 

JJ 

elements,  ^fc2  and  for  each  e€E,  W@  is  some  independent  random 
variable. 

An  instance  of  M  is  M  »  (E,iT,{w  })  where  the  w  are  instances 

0  v  e  e 

of  the  w  for  each  e€E.  M  is  uniform  if  the  W  have  the  same 
e  e 

distribution. 

Let  fl  be  the  set  of  all  maximum  (in  cardinality)  elements  of 
‘'max  1 

Let  hQ  *  size  of  maximum  elements  of  For  all  iC^,  let 

W(I)  =  I  __  W(e) .  Let  W  (M)  be  the  random  variable 
sti  max 


m.x{w(D/I€/mjx) 


We  immediately  get 
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PROPOSITION  4.1. 


mean(W _ (M))<mean  of  W(I)  overall  ICJ' 

fll&X  1 


max 


and  instances  of  M  such  that  \Hi)  «w  (m).  For  example,  if  the 

MAX 

* 

{w  }  are  all  normal  with  mean  y  and  variance  o  ,  then 


rasanlW^CM))  <  hQ\i*o^2hQ  log|^ 


max' 


ae 


s  - 


Let  M-  (E,^f,W)  be  a  uniform  weighted  RIS  and  let  l ■  (e|.  Let 
F  be  the  probability  distribution  of  W  and  choose  some  p€  (0,1).  For 
any  instance  MQ  ■  (E_#  ^  ,W)  of  M,  let  ■  ( Eo'^6 )  be  derived  fron 
Mq  by  deleting  each  element  e€E  with  W  <F”’^(l-p)  and  let 
JTqm  {iE^/Ice^}.  We  claim  that  instances  of  M'  •  (E,^T,p)  have  the 
same  probability  as  the  corresponding  instances.  To  see  that,  note 

that  an  element  e  is  chosen  with  probability 


P* 


Prob{w  >F"1(l-p)}  -  1  -  F(F_1(l-p))  -  p  . 


'vf 

4 

•  3 

:  3 
j 

4f 


Thus, 


PROPOSITION  4.2. 


mean(W  (M) )  >  | |»F”1(l-p) 
max  1  *  max '  r 


if 


mean(W  (M) /rank (M‘ )  < h_)  *=  1(l-p)) 

m  A  V  (I  mfl  Y 


max 


max ' 


08  l  +  «. 

Note  that  if  the  restriction  of  Proposition  4.2  is  satisfied,  we 
have  an  algorithm  which  with  high  likelihood  (as  H-*-60)  constructs  an 
independent  set  with  weight  ^  |6jTmix!*F'  ^(1-p)  in  an  instance  of  M. 
This  idea  has  been  used  by  Walkup  (1977]  for  discrete  distributions  of 


W  and  by  Lueker  (1978]  for  W  with  normal  distributions. 

For  example,  assume  W  is  normal  with  mean  y  and  variance  o 
and  let  q»  Prob{rank(M*)  »h0).  Then  if 

qV-  \  1-t  «  ' 

then 

mean  (W  <M) )  >  h  -y  +  h  *0»/-2  log  p 
max  u  us 


5.  Nonconstructive  Existence  Theorem  for  a  Weighted  RIS 


Next  we  describe  a  nonconstructive  existence  proof  technique  for 
weighted  RIS.  Let  M*  (E#<jT(W)  be  a  weighted  RIS  where  W  is  a 
mapping  from  E  to  the  positive  reals  and  let  Z  •  |e|.  Let  Jfnax 
be  the  sets  of  JT  of  maximum  cardinality  and  let  for  every 

V  t 

X  be  the  random  variable 
I 

X*  «  1  if  W(I)  >  k 

-  0  else 


Let 


max 


X 


k 

I 


and  let  the  weight  interdependence  ratio  be 


WIRk 


mean 


/problwU)  >k/W(J)  >k)  \ 
\  ProbtW(I)  £kj  / 


f°r  r' 
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n 

Ft 


^•1 


I 


Again ,  we  can  prove  as  in  Section  2  that 


mean(Y)  ■ 


max’ 


Prob(l  €^4X  ha*  W(I)>k) 


and 


Var  (Y)  -  mean  <Y)  (WIB^  -  1) 


By  the  Chebyshev  Inequality, 


So,  if 


and 


then 


or 


Prob{Y  -  0)  <  ---■ y~  «  WII^  -  1 
mean  (Y) 


UnuJ  •Pr°b{t  €<4«  h“  W(11>k)  ^  1 


B1\ 


■*1  +  0(1) 


Prob(Y=  0}  +  0 


for  I*' 


as 


ProbOl  €jf  with  weight  >  k}  -*•  1 
<^max 


as  i-*® 


By  the  Central  Limit  Theorem,  we  gets 

theorem  5.1.  Suppose  that  m  is  uniform ,  so  that  the  element 


u.-i'1-1' 


weights  have  uniform  probability  distribution  uith  mean  y  and  variance 
a,  and  contains  maximum  sets  of  size  hQ>  avid  k ^  Nh0y,h0cr'^max 

and  also  wir££)  -  1  +  o(l)  as  *-*».  Then 

Probtai e,/max  witk  wm>k)-n  as  a-® 


wfcere  N, 


V'ho°, 


is  ifce  normal  distribution  function  oj  mean  h^u  and 


variance  (hQo)  . 


:3 


I 


17 


6.  Intersection!  of  Ris  and  Relation  of  RIS  to  Matroids 

6.1  The  Relation  of  ris  to  Whitney *s  Matroids 
Let  us  define  for  RIS  N  end  h  >  0 

XM(h)  ■  Ptjb{MQ  is  e  matroid  of  rank  h 
/Mq  is  en  instance  of  m)  . 

It  is  easy  to  establish  a  rough  lower  bound  for  Xu(h) ,  given  M«  (E<tjf,p) 
is  uniform.  Let  jTh  *  {i/I  a  1 1 1  *  h) . 

PROPOSITION  6.1. 

XM(hJ  >  |/J*phr-p)^^h  . 

Proof.  Note  that  for  each  M0*{eq,{i€  ICEq}}  is  an 

V  I  P  | 

instance  of  M  of  probability  p  (1-p) 1  1  and  MQ  is  a  matroid. 


6.2  Intersection  RIS 


Let  M^»  be  RIS  with 


and 


M. 


M, 


(E,  }) 


We 


wish  to  consider  independent  sets  in  both  ^  and 


Let  M  Om  be  the  struoture 

X  a 


M 


<„'n  p'2>)) 
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It  is  not  difficult  to  show  (by  definition  of  proper  RIS)  thett 

proposition  6.2.  is  a  proper  RIS  if  and  are 

proper  RIG. 

There  is  no  known  result  relating  the  conplexity  of  constructing 
maximum  independent  sets  in  random  instances  of  to  the  complexity 

of  constructing  a  maximum  independent  set  in  random  instances  of 
Although  in  practice  we  often  have  that  if  the  extension-rotation 
algorithm  succeeds  with  high  probability  on  and  Mj  separately  then 

it  succeeds  with  high  probability  on  M^AMj.  (See  [Reif*  Spirakis, 

1981]) . 

in  contrast,  matroida  are  not  dosed  under  intersection .  The 
problem  of  constructing  a  maximal  independent  set  in  the  intersection  of 
k  matroids  has  a  polynomial  time  (in  |e|)  algorithm  [Lawler,  1977] 
for  k-2,  but  it  is  known  to  be  a  NP-complete  problem  for  any  k>3. 


7.  Conclusion 

We  have  proposed  here  the  RIS  and  the  weighted  RIS  as  a  general 
combinatorial  structure  for  formulating  problems  with  random  inputs.  We 
found  that  our  nonconstructive  technique  for  testing  the  existence  of 
maximum  independent  sets  is  broadly  applied  to  a  large  range  of  problems 
with  random  inputs,  which  can  be  formulated  as  RIS. 

A  companion  paper,  [Rcif,  Spirakis,  1981],  considers  a  randomized 
algorithm,  (the  Extension-Rotation  algorithm)  for  efficiently  constructing 
an  independent  set  of  size  h^  in  an  i  istance  of  a  RIS.  Given  an 
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independent  set  X  of  size  less  then  hQ#  we  attempt  to  extend  X  (by 
adding  a  new  random  element  e  to  X)  or  elze  attempt  to  rotate  X  (by 
deleting  an  element  e1  of  X  and  adding  the  new  element  e) .  The  uae 
of  a  rotation  operation  firat  appeared  in  Posa's  (1976)  exiatenee  proof 
for  a  Hamiltonian  path  in  an  undirected  random  graph  of  denaity 
O(log  n/n) .  In  tReif,  Spirakia,  1981)  we  provide  a  general  method  of 
ctMtlyeie  of  the  performance  of  the  extension-rotation  algorithm. 
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